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Aggregation and Disaggregation Kinetics of Human Blood Platelets:
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Pin Y. Huang and J. David Hellums
Cox Laboratory for Biomedical Engineering, Rice University, Houston, Texas 77251-1892 USA
ABSTRACT Hydrodynamic shear stress of sufficient intensity is known to cause platelet activation and aggregation and to alter
the effects of biochemical platelet agonists and antagonists. In this work, a population balance equation (PBE) model is de-
veloped for analysis of platelet aggregation and disaggregation kinetics under the influence of a shear field. The model in-
corporates both aggregation and disaggregation by splitting and/or erosion mechanisms. This paper, the first of a series of three,
deals with the formulation, simplification, and validation of the PBE and with the estimation of parameters involved in the PBE.
These population parameters include collision efficiency, void fraction (related to the particle collision diameter), and the break-
age rate coefficient. The platelet particle size distribution is determined experimentally, both initially and at some later times.
The PBE can then be used to match satisfactorily the observed particle histograms, by appropriate choice of parameters of the
model as functions of time, platelet size, and magnitude of physical or chemical stimuli. Besides providing information on
adhesive forces and on the rates of aggregation and disaggregation, these parameters infer the physical properties of platelets
and platelet aggregates. These properties are of potential value in increasing our understanding of the processes involved in
thrombotic disease and/or therapy. A numerical procedure for solving the PBE is validated by application to simple cases for
which analytical solutions are available. The model is applied to analysis of experiments, and parameter sensitivity studies are
used to order the importance of the parameters and to reduce the complexity of the model. The simplified model is shown to
give good agreement with experimental observations.
INTRODUCTION
Platelets play important roles in hemostatic and thrombotic
processes. Following blood vessel damage, platelets adhere
to the site of the injury and release their granule contents. The
materials released stimulate platelet aggregation at the site of
injury. The unstable plug formed at the injury site then pro-
vides a surface for blood coagulation. In this process, a poly-
mer network is formed on the plug and renders it more stable.
There are many factors that contribute to the activation of
platelets. One factor includes the release of biochemicals
from an injured blood vessel and from the platelets adhering
to the injury site. Other factors are related to the role played
by fluid mechanics in a partially occluded vessel. In such
vessels, shear stress has been shown to be elevated by as
much as 20-fold above the normal level. There is little un-
derstanding of the way in which nonbiochemical factors such
as hydrodynamic shear stress and platelet-platelet collisions
serve to affect platelet activation and aggregation. In this
study, the roles played by fluid mechanics in hemostasis and
thrombosis are examined. Specifically, we have investigated
shear-induced platelet aggregation and disaggregation in the
uniform, controlled shear field of a cone-plate viscometer.
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This paper is Part I of a three-part series on the use of
population balance mathematics to analyze platelet aggre-
gation and disaggregation kinetics. The population balance
technique used gives estimates of platelet properties perti-
nent to aggregation kinetics and to their state of activation.
For example, this technique gives a numerical estimate of
platelet-platelet binding affinity, a population balance prop-
erty. The population balance properties so determined offer
insights into the dynamic state of platelets as they aggregate
and disaggregate. Furthermore, the properties give a concise
means of describing the detailed evolution of the particle size
distribution over time.
This paper, Part I, details and validates the machinery de-
veloped for the determination of the population balance prop-
erties as functions of time and magnitude of shear stress. In
Part II (1), the method is applied to the analysis of experi-
ments involving platelet aggregation: the aggregation of
platelet suspensions subjected to uniform shearing stress in
the absence of added agonists. In Part III (2), the method is
applied to the analysis of experiments which involve platelet
disaggregation: the disaggregation under uniform shearing
stress of platelet aggregates previously formed in response to
low dosages of added agonists.
MATERIALS AND METHODS
The population balance equation
Basic equations
The population balance equation (PBE) predicts how the makeup of a col-
lection of particles changes as a result of interaction among the particles,
and interactions between particles and the surrounding medium. In the pop-
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ulation balance equation, the particle number density function mathemat-
ically expresses the makeup of a collection of particles. The argument of the
density function can be any particle parameter of interest, for example, the
particle volume. Solving the population balance equation determines the
number density function as a function of time.
For platelet aggregation in a uniform shear field, an appropriate popu-
lation balance is the laminar shear coalescence equation (3, 4) given by the
first three terms of Eq. 1. The laminar shear coalescence equation is a special
case of a general population balance equation in which only aggregation
processes are accounted for. The more general case involves both platelet
aggregation and disaggregation. Eq. 1 is a population balance equation that
includes both coalescence processes and particle breakup due to splitting.
The last two terms pertain to breakup or disaggregation. The breakage terms
in Eq. 1 are in the form first suggested by Melzak (5, 6) and applied by
Valentas et al. (7, 8), in their studies of droplet breakup, and by Pandya and
Spielman (9, 10) in their studies on floc breakage.
an(v,t) v/2d= J kG(w,v - w) n(w,t) n(v - w,t) dw,
- f k,G(w,v) n(w,t) n(v,t) dw
n,
+ f n(w,t) 'y(w) g(w) p5(w,v) dw
- n(v,t) g(v) (1)
where 0 < t < cc, vs < v < ox.
The domain of Eq. 1 encompasses all times and all particle volumes
above the smallest particles, v5, present initially. The terms v and w represent
particle volumes. t represents the time, and n(v,t)dv represents the differ-
ential number of particles in the size range (v, v + dv)/unit suspension
volume. kG(w,v) is the collision frequency factor, called the laminar shear
coalescence kernel. The coalescence kernel, kG(w,v), is introduced by as-
suming that the average number of collisions between particles of volume
v to v + dv and those of volume w to w + dw, is n(w,t)n(v,t)kG(w,v)dvdwdt
during the time interval t to t + dt. The coalescence kernel is a function of
the physical properties of the medium, the governing coagulation processes,
and particle sizes. Smoluchowski ( 11) derived the following expression for
the laminar shear coalescence kernel by assuming rectilinear approach of
spherical particles,
that total mass or volume of the particles is conserved,
Ix
Jn(v,t) v dv = constant = No vo (3)
where N. is the initial total number concentration of particles, and v. is the
initial mean volume of the particles.
The breakage or disaggregation terms given above in Eq. 1 are based on
a splitting mechanism. That is, each particle splits into a specified number
of daughter particles, y. An alternative or supplementary formulation is that
of a continuous surface erosion of particles from an aggregate (9, 10). The
alternate form was tested, and, as will be shown, was found to be less
successful than the splitting model in the particular application studied here.
Thus, the detailed formulation of the erosion model is given only in the
appendix of this paper. More detail on all equations discussed is given
elsewhere (12).
Breakage rate expressions
Proposed mechanisms for the splitting frequency, g(w), and daughter frag-
ment distribution, p,(w,v), vary widely, depending upon the specific frag-
mentation process of interest. A simple power-law model for breakage rate
or splitting frequency is often seen, particularly in comminution literature
(13). Intuitively, g(w) is expected to be an increasing function of parent
particle size, w, because large aggregates split more readily than small ones.
For such a mechanism, the splitting frequency is sometimes taken to be
given by the following.
g(w) = k, wm (4)
This form is equivalent to that used by Valentas et al. (7, 8), Ramkrishna
and Borwanker (14), Ray and Hogg (15), and Pandya and Spielman (9, 10).
k, and m are parameters that depend on the experimental conditions.
Various forms of the distribution kernel, p,(w,v), are used by different
prior workers. Peterson (16) has given a table containing distribution func-
tions for several particle breakup processes. The breakage events are the
results of several factors, including shear forces, interparticle forces, and
aggregate morphology. For an aggregate of size w, the sizes of daughter
fragments are distributed about a mean value, O. Following Valentas et al.
(7, 8) and Pandya and Spielman (9), the breakage may be considered to be
the composite of a large number of independently distributed events that
individually contribute only slightly to the outcome of distribution. These
workers have suggested that ps(w,v) could be approximated by a normal
density function given by Eq. 5.
k(w,v) = - + v"]3
7T (2)
where G is the shear rate.
The term y(w) is the number of daughter fragments formed from the
breakup of a parent particle of volume w. The breakage rate, g(w), is the
fraction of particles with volume between w and w + dw, disappearing
through breakage/unit time. In a manner analogous to the definition of kG(w,
v), the breakup kernel, y(w)g(w)ps(w,v), represents that y(w)g(w)p,(w,v)-
n(w,t)dvdwdt is the average number of particles of volume v to v + dv
created from the breakup of parent particles of volume w to w + dw during
the interval t to t + dt. The initial particle size distribution, n(v,O), and both
kernels must be specified for the problem to be fully posed.
The term on the left-hand side of Eq. 1 represents the rate of accumulation
of particles with volume v. The first integral on the right-hand side describes
the rate of formation of particles with volume v by collision and binding
together of two particles whose volumes add up to v. The second integral
represents the rate of disappearance of particles with volume v by their
collision and binding with a particle of any volume. The third integral ac-
counts for the production of particles with volume v in the breakup process
of particles with volume w (v < w < om). The last term accounts for the
disappearance of particles with volume v due to their breakup into particles
with volume w (O < w < v). The equation is formulated in such a manner
(-(v-si)2
p (w,v) - I-exp 2cr2 ) (5)
As discussed by Valentas et al. (7, 8) and Pandya and Spielman (9, 10),
the normal density function cannot represent a distribution of particle sizes
with complete precision, because it admits negative values of particle vol-
ume, i.e., the values of the normal density function range from -oc to +00.
However, the variance can be chosen so that the density lies almost entirely
within the mass range 0 to v. The probability that v falls outside w ± ca is
given by
p= p(w,v) dv + f p(w,v) dv
w+co.
=1 ( )fA exp( _ Z2) dz. (6)
Valentas et al. (7, 8) have shown that, for c = 2, p' = 0.0455 and, for
c = 3, p' = 0.0037. So ai can be expressed in terms of ww to obtain the
desired accuracy. If v is to lie between w ± co, then a = wlc = w/cy, where
-y is the number of daughter fragments. Following Pandya and Spielman
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(9, 10), the standard deviation is assumed to have the form
o(w) = k3Wq (7)
where k3 and q are parameters specific to a given system.
Since naturally occurring populations are frequently skewed, an alter-
native representation of such a distribution is the logarithmic-normal dis-
tribution. In this work, normal and logarithmic-normal distributions were
found to give equally good agreement with the experimental observations.
The normal distribution was used for all results presented here.
Pandya and Spielman (9) found that the number of daughter frag-
ments upon splitting increased as the size of the parent particle increased,
and suggested the following expression for the number of daughter
fragments, y,
y -2= k2 ) (8)
where k2 andp are parameters specific to a given system. The mean daughter
volume upon breakage from a parent particle of volume w is then given as
follows.
w
1w p (9)2 +k2 -
Dimensionless variables
The PBE is made dimensionless by the following expressions:
x = v/vo
The sequence x = x,, 2xS, 4x,, 8xs, l6xs, now corresponds to L = 0, 1,
2, 3, 4 .... n(L,T) relates to n(x,T) by the following expression,
n(L,Tr) = xn(x,T)ln 2. (18)
Introduction of population balance parameters
The laminar shear coalescence kernel contains assumptions that are inap-
propriate for platelet aggregation. A key assumption is that spherical par-
ticles coalesce to form larger spherical particles. Platelets, however, are
oblate ellipsoids with an average aspect ratio (18) of 3:1. Using electron
micrographs, Born and Hume (19) have shown that platelet aggregates take
on irregular shapes and contain significant void volume. The laminar shear
coalescence kernel also assumes all particle collisions result in the binding
together of the involved particles. Experimental evidence by Karino and
Goldsmith (20), Chang and Robertson (21), and Bell and Goldsmith (22)
suggest that only a small fraction of the collisions result in the binding
together of the involved particles. Belval and Hellums (4) corrected these
assumptions underlying the laminar shear coalescence kernel by introducing
two population balance properties: the collision efficiency, e; and the particle
void fraction, 4. They proposed and tested several modified coalescence
kernels containing different population balance properties designed to relax
questionable restrictions in Eq. 2. Among those tested, they found the fol-
lowing expression gave the best correlation with experimental data on shear-
induced platelet aggregation,
kG(X,Y) = E(T)[( 1 ¢(X))+ (1 Y¢())]
(10) where
+(x)= { x2 } (19)
and
(13)
(14)
y(y)g(y)p,(x,y) = y(w)g(w)p,(w,v)(Qr/GN0) (15)
Equations 10 and 11 define the dimensionless particle volumes, x and y.
Equation 12 defines the dimensionless number density. Equation 13 defines
dimensionless time. Note that n(x,t) and n(v,t) are different functions, not
the same function with different arguments. Equations 14 to 15 specify the
dimensionless laminar shear coalescence kernel and breakage kernel, re-
spectively. Introducing the definitions and simplifying the PBE yields a
dimensionless form of the population equation,
dn(x,T) x/
aT kG(y,x - y) n(y,T) n(x - y,T) dy
J X
0x
kG(y,x) n(x,T) n(y,T) dy
+ n(y,T) y(Y) g(y)p(y,x) dy - n(x,) g(x) (16)
where x, < x < and 0 < t < 0o.
Although in dimensionless form, n(x,') remains awkward to manipulate
because x ranges over several orders of magnitude. Replacing x with a
logarithmic scale, L(x), compresses the numerical range to a more man-
ageable limit (4, 17). The definition of the logarithmic scale is
L(x) = ln(x/x,)/1n 2.
0 '- E(T) ---1, 0 -_ +(X) < I .
Here (Pa is a parameter (not a function ofx). Equation 19 regards the particles
with dimensionless particle volumes less than x = 2.0 as singlets and par-
ticles with dimensionless particle volumes above x = 2.0 as aggregates. The
collision efficiency, E(T), is the fraction of the collisions which result in
binding together of the involved particles. The particle void volume, +(x),
replaces "packed" particle volume x, with "total" particle volume,
x/(l - +(x)), as an argument of the coalescence kernel. By enclosing more
void volume, hypothetical spherical aggregates achieve a higher collision
diameter in an effort to simulate the actual irregular particles, which have
an expanded collision diameter. The term "void fraction" for +(x) is mis-
leading in that seems to suggest that +(x) is the porosity of aggregates.
However, it is not the porosity, because the aggregates do not form a spher-
ical structure. It is a correction factor for achieving the same collision di-
ameter as the irregular particles. The issue of aggregate porosity will be
addressed later.
The use of a step function in +(x) tends to give rise to a rapid change
in the size distribution near x = 2. Therefore, a linear form of +(x) was also
investigated:
0, x<2
+x - 2 )
=
a x2 xL
(20)
where XL and 4)a are the parameters which may be adjusted to fix the slope
and upper limit of the linear function. The step function and linear function
forms of +(x) were tested in the pilot studies. The linear function gives a
smoother change in the size distribution near x = 2; however, it was less
y = w/vo
n(x,t) = von(v,t)/N0
(1 1)
(12)
T= (Gvol/f)Not
kG(x,y) = kG(v,w)/(Gvolrr)
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successful in predicting the rate of disappearance of singlets and the for-
mation of intermediate size aggregates under the conditions studied. There-
fore, a step function was used for +)(x) in the results presented here, except
where otherwise noted.
For the breakage rate, irregular aggregates are expected to break more
readily than the more nearly spherical aggregates. Thus, the breakage rate
is modified to have the following form.
g(x)=k(ki I -) (21)
In some cases we studied the use of Lu and Spielman's notion of a
minimum splitting size, x, (23) as follows.
g(x) = tkx, forx>x5s (22)
In this expression, we defined k, as being different for single particles
than for aggregates (for singlets or x < 2, k, = klo and for aggregates
k, = klo(l - O)). Singlet particles should be resistant to splitting, and
preliminary work confirmed that this form of g(x) gives better agreement
with experimental volume density distributions, especially in disaggregation
experiments.
The numerical method
Determination of population balance parameters from
experimental obsenrations
The PBE and the auxiliary equations contain a number of parameters. With
all the parameters specified, the PBE can be integrated. Starting with a given
initial particle size distribution, ne,p(L(x),O) we obtain a size distribution
at a later time, T, ncal(L(x),T). Here L(x) is the dimensionless logarithmic
particle volume scale defined in Eq. 17. Our goal is to solve the inverse
problem of characterizing the parameters in the auxiliary functions by use
of experimentally determined particle size distributions. The population bal-
ance equation is numerically integrated by the use of a spline collocation
method (4). A natural cubic spline approximates the number density curve
n(L(x)). The approximation exactly satisfies the population equation at cer-
tain points, called collocation points. In this case, the collocation points are
knot points connecting the piecewise cubics that comprise the natural cubic
spline. The parameters are searched for by a nonlinear least squares method
for the values of parameters that best fit the experimental data, nexp(L(x)).
In other words, one seeks the values of E, 4, k,, etc. that minimize an
objective function. In the work described here we minimized an objective
function expressed in terms of a volume density distribution v(L(x)) rather
than number density n(L(x)). The two distributions are related as outlined
below
v(x) = xn(x) (23)
or, in terms of L(x),
v[L(x)] = xS2Ln[L(x)]. (24)
The choice of objective function gives weight to aggregates in proportion
to their size
F(E, 4, k, (y i2) = [Vca(Lj)/hi-v (L)] (25)[Vexp(j]
where Vcal and vexp are calculated and experimentally observed volume den-
sities. The use of the porosity correction factors, hi, is discussed in the next
section. The summation in Eq. 25 is over the aggregate size histogram
acquired experimentally.
A schematic diagram for the parameter estimation procedure is given
elsewhere (12). The function F is minimized using a computer subroutine
based on the nonlinear simplex algorithm of Nelder and Meads (24). A
nongradient-based minimization algorithm (a region elimination method) is
chosen over a gradient-based method to avoid excessive amounts of com-
putation required to evaluate the objective function. One disadvantage of the
algorithm is that the optimum values for the parameters from the search are
not guaranteed to represent a global minimum. Solutions starting from dif-
ferent initial conditions gave equivalent results, suggesting that the minima
are global. To avoid scaling problems, all variables are scaled to comparable
magnitudes.
Correction for aggregate porosity
Particle aggregation and breakup are assumed in the PBE calculations to be
volume-conserving processes. Yet, due to liquid trapping and experimental
artifacts (12), experimentally observed total volumes for aggregated sam-
ples are greater than for the unaggregated control sample by 10-50%. To
account for these differences, the volume of aggregates from the model was
increased by a factor h. This factor h is the ratio of net volume to the gross
volume (the apparent "porosity" of an aggregate is 1 - h). The net volume
is intended to correspond to the volume of solid mass. The gross volume is
intended to correspond to the volume of solid mass plus the void spaces that
are occupied by the fixative or trapped plasma. An empirical expression for
h is given by Latimer (25),
h = I
h=H+(I -H)/(x- 1)1/2
for x'2
for x>2 (26)
where H is the limiting value of h for large aggregates, determined from
experimental observations.
For aggregates larger than a doublet, the volume of aggregates is in-
creased by the factor h which depends on the number of particles in the
assemblage. From the cell packing studies and platelet studies of Born and
Hume (19), the value of H is observed to vary between 0.6 and 0.8 for
platelet aggregates. In the present work, numerical values of H were de-
termined by an iterative method using experimentally determined particle
size histograms, so that the total volume observed experimentally is equal
to the calculated volume. The iterative procedures lead to a calculated total
volume as given by Eq. 27 as follows.
vtt = z (vca (Li (X),T)) (27)
The value ofH is found by iterations to yield a calculated total volume,
Eq. 26, in agreement with the experimental determination. In this way, the
experimental size distribution can be compared to a calculated size distri-
bution that has the same total volume.
For shear-induced platelet aggregation, the values ofHobtained from this
study range from 0.55 to 0.9; this range is consistent with findings of prior
workers. For the disaggregation studies, in some cases a decrease was ob-
served in the total volume of aggregates following breakage. In the cases
where the total apparent volume is lowered following breakup, the values
of H may exceed one to correct for the decrease in total volume. This
decrease in total volume following disaggregation can be explained by the
fact that daughter fragments contain less void space than large aggregates.
Vaidation of numerical methods
For the coalescence equation, the numerical technique is validated by com-
paring its solution with exact solutions for simple forms of kemels. Melzak
(5, 6) has shown that analytical solutions are possible for coalescence ker-
nels of the form
kc(x,y) = A + B(x + y) + C(xy) (28)
where A, B, and C are constants. Scott (26) derived analytical solutions for
various forms of initial condition including Dirac Delta functions and
gamma functions. Detailed derivations are given by Scott (26) and Drake
(3). Analytical solutions for an initial condition given by a gamma function,
are examined in this study for two special cases of the coalescence kernel,
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kG(x,y). Case 1 is for a constant kernel: A = 1, and B = C = 0. Case 2 is
for the variable kernel: B = 1, and A = C = 0.
Case 1 For the initial condition n(x,0) given by gamma function and
kG(x,y) = 1:
(i# + 1 e Ie (§+ I)xn(x,0) (29)
( ) 2(e ) (,+1)x + (& + IY (l+Oo - Pyxo+;(O+I) (30)n(x,P) =2( + lY('O+1e 'a F[(jM + l)(1+ 01)] (0
where P is the total dimensionless population expressed as the total number
of particles at time, T, divided by the total number at time 0.
Case 2 For the same initial condition and kG(x,y) = x + y:
n(x,P) = Pe-(+2-P)x E _(_ +l_)_+_ _+_(l-Pyx_+j__ +2)_31(j+ 1)! IF[(1+ l)(O&+ 1)] (1
In these equations is an integer which alters the character of the function
(taken to be 6 in this work). In Eqs. 30 and 31, the gamma function is
approximated by Stirling's asymptotic series (27).
Numerical results from solving Eq. 16 were compared with the analytical
solutions given by Eqs. 30 and 31. The solutions in each case used the initial
distribution of Eq. 31 and were carried out to the same final total particle
population, P. Results were expressed in both volume and number density
form for four different particle populations, P = 0.9, 0.8, 0.58, and 0.24. Fig.
1 presents a comparison between the analytical solution for the coalescence
equation with those of numerical solutions for P = 0.24. In this figure, the
abscissa is the dimensionless logarithmic particle size, L(x), and the ordinate
is the volume density function for the particle population. The open triangles
in the figure are calculated by using the analytical solution given by Eqs.
30 and 31. The solutions generated by the numerical method are given by
open squares.
Plotted in the number density form (not shown), the two solutions are
indistinguishable on the scales of the figures. In the volume density form,
where one places greater emphasis on the large aggregates, we also see very
good agreement. The slight discrepancy in the volume density at L = 10 in
Fig. I is likely to be due to error in evaluating the infinite series for the
analytical solutions. In all comparisons, the square fraction error between
the numerical solution, f, and the exact solution, y, l(fi - yi)2/Iy , is less
than 3 x 10-5. The subscript i denotes a numerical node point. The max-
imum error expressed as, (max fi - yi )/(max yi I) is less than 1 X
10-2. Total volume was followed to test for conservation as an indicator of
numerical error. Volume was conserved to within 1.3% in all cases. More
detail on the comparison is available (12).
Studies on form and parameter sensitivity
Comparisons of size distributions for various forms
of kG(x,y)
Analytical solutions to the PBE are known only for certain simplified forms
of the coalescence kernel, and only for certain initial size distributions such
as that described by a gamma function. The gamma function is only an
inexact approximation of a platelet size distribution. However, it is useful
for pilot studies to compare various forms of the coalescence kernel.
In this section, the applicability of simpler forms of the coalescence
kernel for describing platelet aggregation in laminar shear flow is con-
sidered. For an initial condition, n(x,0), given by a gamma function, the
size distributions generated by analytical solutions for kG(x,y) = 1 and
kG(x,y) = (x + y) are compared with the numerical solution for the laminar
shear kernel, kG(x,y) = (X1/3 + y"/3)3. These kernels are compared on the
basis of the same initial condition, and the same final total particle popu-
lation, P. Comparison studies were carried out in terms of both the volume
and number density functions, for four different particle populations, P =
0.9, 0.8, 0.58, and 0.24. Fig. 2 gives comparisons among three models for
P = 0.24 in terms of the volume density distribution. The computed curve
for the initial condition (open circles) is generated by the use of v = 6 in
the gamma distribution. The open triangles in Fig. 2 are analytical solutions
for kG(x,y) = (x + y). The solutions generated by the numerical method for
kG(x,y) = (X1/3 + y"/3)3 are given by the open squares, and solutions for
kG(x,y) = I are given by asterisks.
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FIGURE 1 Comparison of the analytical solution with the numerical solution in volume density form for a Golovin kernel kG(x,y) = x + y. The two solutions
are for the same initial volume density distribution given by the gamma function of Eq. 29, and for the same final total particle population, P = 0.24. As
indicated, the numerical and analytical solutions are indistinguishable over almost the entire range of comparison.
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FIGURE 2 Comparison of particle size distributions in volume density form generated using three different kernels. The comparisons are based on the
same initial volume density distribution given by the gamma function of Eq. 29 and for the same final particle population, p = 0.24.
Examination of the number density plot (not shown here), shows that the
constant kernel, kG(x,y) = 1, overestimates the number of small aggregates
remaining in the suspension for P < 0.8. The differences among these
kernels are emphasized when the same information is constructed in volume
density form as shown in Fig. 2. The constant kernel overestimates the
number of small to mid-size aggregates and underestimates the number of
large aggregates in all cases shown. It is clear that the constant kernel is not
adequate for characterizing platelet aggregation. In contrast, the kernel,
kG(x,y) = (x + y), seems to give good agreement at all stages of aggregation
with the unmodified laminar shear kernel. The maximum normalized re-
sidual sum of error squared is less than 10-2 in the worst case considered,
P = 0.24.
The numerical method of Belval and Hellums (4) has the advantage that
it allows one to work with a realistic coalescence kernel for all time stages,
but at the cost of computation time. Alternatively, one could modify the
Golovin kernel, kc = (x + y), where the analytical solution is known, to
account for a collision efficiency and a void fraction as in Eq. 19. Since the
Golovin kernel is linear in x and y, the collision efficiency and void fraction
can be grouped together in the form (e/(l - 4))(x + y) = E'(x + y) where
E' is d/(I - 4)), the modified collision efficiency. This grouping simplifies
the problem by reducing the number of parameters. This finding suggests
that d/(1 - 4)) be used as a correlating device rather than the individual
parameters E and 4. This relationship would be correct if the coalescence
kernel were kG(x,y) = (x + y), and if 4 were constant. It can only be an
approximation, since the most successful form of 4 is a function of x, as
shown in Eq. 19. To test the applicability of the approximation, particle size
distributions were generated with two different sets of E and 4), which are
related by the following expression
- t1 I - +2} (32)
where E2 = 2EI, and 42 = 2+, - 1. The calculations used the laminar shear
kernel (Eq. 19). Since the ratio d/(l - 4) is the same for the two cases, if
the expression suggested above serves as a correlating device, then the two
particle size distributions generated should be similar. Comparison of the
two distributions given in Fig. 3 shows that the results for the two cases are
in excellent qualitative agreement, and good but not exact quantitative
agreement. The mean square error defined by Eq. 25 is 0.024.
Shear-induced platelet aggregation
Equation 1 and the auxiliary functions were applied to analyze aggregation
kinetic data in a laminar shear field. The experimental procedure and more
detailed results are described in the second paper of this series (1). There
are a total of eight population parameters in this model. Two parameters (Oa
and E) come from the coalescence kernel, and six parameters (k,, m, fy, oa,
p, and q) come from the breakage kernel. In the shear-induced platelet
aggregation studies, the only breakage mechanism taken into account is that
of splitting. To reduce the computation time necessary for the determination
of parameters, and to make the problem more tractable, parameter sensitivity
analyses were carried out to determine which parameters are most important.
Values for parameters which were found to be insensitive are taken from
literature. Parameters p of Eq. 8 and q of Eq. 7 were shown by Pandya and
Spielman (9) to be unimportant in their applications, and they were taken
to be zero in the sensitivity studies. Based on this prior work, we took the
breakage due to splitting to be proportional to Vl/3, and the average number
of daughter fragments, -y, to be 2.5. The variance, ar, in the normal distri-
bution was set at 0.25 so that the probability of having negative volume is
less than 0.001.
In the sensitivity studies, the first step was to use the simplex algorithm
by Nelder and Meads (24) to search for the optimum values for collision
efficiency, E, void fraction, Oa, and breakage rate constant, k1. Sensitivity
was then calculated for various population parameters using Eq. 33 as fol-
lows.
S t =. (WF/c) _ (AFI/A)Sensitivity (Fle) J (Fl()J (33)
In Eq. 33, F is the objective function (Eq. 25) and ( is the estimate of
the parameter near the minimum of F. The partial derivative is approximated
by a centered difference with /x = 0. lx. Typical sensitivity values for a.,
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FIGURE 3 Comparison of the volume density histograms generated by sets of parameters such that El/(1 - q),) = E2/(1 - 42), where E2 2El, and
42 = 24), - 1; (A) experimental observed histogram for PRP following 100-s exposure to G = 5400 s-'; (l) pure coalescence solution with El = 2.26
X 10-4 and 4, = 0.878; and (-) pure coalescence solution with El = 5.52 X 10-4 and 1 = 0.75. All histograms have the same particle volume and time.
The experimental points represent the mean + SE (n = 3-5).
E, kl, m, y, and a were found to be 27, 2.7, 0.5, 1.5, 1.0, and 0.023, re-
spectively, for shear-induced aggregation. In all cases, population param-
eters 4)a and E were found to be the most sensitive. Values form and y appear
to be somewhat more sensitive than the breakage rate constant, kl. However,
the values for m and y were fixed and may not be the optimum values.
Studies where the simplex algorithm was used to search for all five pa-
rameters showed that the three breakage parameters (m, y, and kl) are
equally sensitive, and consistently less sensitive than that of 4)a and E. In
most of the subsequent shear-induced platelet aggregation studies, estimates
for the parameters E, O)a, and k1 were searched for using the optimization
routine with m = 1/3 and y = 2.5.
Case studies were carried out to establish the effects of O)a. E, k1, m, and
y on the calculated particle size distribution. In Fig. 4, the computed final
condition with optimized values of the parameters is given by open triangles.
Solutions for a 10% increase and decrease in O)a are given by plus signs and
open circles. The experimental observation for the aggregated sample is
given by the open squares. A 10% increase (+) in the values of 4)a results
in a drastic decrease in the singlet and small aggregate peak and a shift of
the large aggregate peak to the right as shown by the arrows in Fig. 4.
Repeated calculation with a 10% decrease in the estimate for (ha reverses
the trend by increasing the small aggregate peak and shifting large aggre-
gates to the left. Similar studies on the effect of E, the collision efficiency,
gave very similar patterns of changes. In contrast, no noticeable change was
observed for 10% changes in the breakage parameters kl, m, and -y. In-
creasing k1 by an order of magnitude was required to result in an analogous
increase in the singlet peak and shift of the large aggregate peak. Similarly,
decreasing k1 by an order of magnitude resulted in a decrease in the singlet
peak and a shifting of the second peak toward larger particle sizes. However,
further decreases in the value of k1 produced no detectable changes in the
particle size distribution. Therefore, the breakage terms in Eq. 1 are of little
consequence in the determination of the size distribution for shear-induced
aggregation. For practical purposes, the phenomena may be treated as an
irreversible coalescence.
Disaggregation in a shear field
Other parameter sensitivity studies were carried out for cases in which dis-
aggregation was known to be important: the disaggregation in the shear field
of platelet aggregates previously formed in response to low dosage aden-
osine diphosphate (ADP) addition to platelet suspensions. The experimental
procedure and additional results are given in the third paper of this series
(2).
These studies take into account both mechanisms of breakage: 1) split-
ting, as discussed in the previous section, and 2) surface erosion, as dis-
cussed in the Appendix. There are three parameters (k, Oge, Vge) in the surface
erosion expression (Eq. A4). As starting values, age and Vge were taken from
the literature (9) to be 3.5 and 1.5, respectively. Using the definition of
sensitivity given by Eq. 33, the typical sensitivity values for 4)a, k,, m, y,
k, and E were found to be 2.7, 0.62, 1.4, 0.02, 0.001, and 10-6, respectively.
Thus, the parameters 0)a, kI, and m were found overwhelmingly to be most
sensitive. The value for -y was found to be less sensitive, and the values for
k, E, 0ge, and vge were found to be of least importance. This observation held
true for both the continuous and discontinuous forms of breakage rate ex-
pression, g(x). Therefore, both the aggregation and erosion terms were de-
leted from the original reversible model (Eq. 16) for the simulation of these
particular disaggregation processes. Values for O)a, k,, m, and y were
searched for using the optimization routine. In some selected cases, the value
of k was varied to confirm that the erosion mechanism was not significant.
The findings consistently suggest that the surface erosion mechanism does
not play an important role in modeling the reversal of ADP-induced ag-
gregation.
Case studies were carried out to establish the effects of 4)a, k,, m, y, and
k on the generated particle size distribution. In Fig. 5, the computed final
condition with optimized values of the parameters is given by the open
squares. Typical results for a 10% increase and decrease in 4)a are given by
open circles and open triangles, respectively. A 10% increase in 4)a results
in the formation of fragments with sizes less than 0.8 and a shift of the large
aggregate peak to the left as shown in Fig. 5. Similar studies on the effect
of k, and m gave very similar patterns of changes. In contrast, no noticeable
change is observed for 10% changes in the parameters k and y (not shown).
DISCUSSION
A form of the population balance equation is developed in
this paper for the purpose of describing the aggregation and
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FIGURE 4 Effects of a ± 10% perturbation on 4,a on the volume density distribution. ([) The histogram for the experimental data; (-) histogram for the
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suspension (initial distribution not shown) for a time of 100 s at a shear rate of 5400 s-'. The arrows show the direction of shift of the size distribution
with increasing values of Ot.a
0.3
x
-J
z
0
D 0.2
a
0.1
cD
z
w
0
w
-J0.0
O 0.1.01 0.1 1 10 100
DIMENSIONLESS PARTICLE SIZE, x
1000
FIGURE 5 Effects of ± 10% perturbation on a on the volume density distribution. (-) Histogram for the computer-generated distribution with optimized
values of a, k,, y, m, and k parameters; (0) histogram for the computer-generated distribution with a 10% increase in 4,a; (A) histogram for the computer-
generated distribution with a 10% increase in a; and (0) histogram for the computer-generated distribution with a 10% increase in 4)a. All cases correspond
to shear-induced aggregation of a platelet suspension (initial distribution not shown) for a time of 100 s at a shear rate of 5400 s-'. The arrows show the
direction of shift of the size distribution with increasing values of a. The distributions shown are at time of 60 s after the initial condition at which time
extensive disaggregation has taken place.
disaggregation behavior of human blood platelets and plate-
let aggregates under the influence of the fluid mechanical
shearing stress. Formulation of the aggregation expressions
requires a relatively straightforward extension of the Smolu-
chowski coalescence kernel for aggregation of noninteract-
ing hard spheres, as given by Eq. 19. Two parameters are
introduced to account for 1) the fact that only a small fraction
of particle collisions result in particle-particle binding, and
2) the effective collision diameter of aggregates is larger than
compact spheres. A third parameter, Eq. 26, is required to
account for fluid entrapment in aggregates.
Analytical solutions are not possible for the equation and
initial conditions of interest in this work. Numerical methods
are required. However, analytical solutions to the coales-
cence equation (aggregation without disaggregation) exist
for certain simpler kernels and initial conditions. Studies
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with these analytical solutions serve to validate the numerical
procedure (Fig. 1), and serve to evaluate the applicability
of several different forms of the coalescence kernel. The
evaluations show that a somewhat simpler kernel (x + y)
gives very similar results to those of the Smoluchowski ker-
nel (x1/3 + y"/3)3, and these findings suggest a method of
correlation of results for various values of the two coales-
cence parameters (Eq. 32).
Application of the model to analysis of experimental de-
terminations of platelet aggregation induced by shear stress
yield very good agreement between observed and calculated
size distributions when the parameters of the model are se-
lected appropriately (Fig. 4). Parameter sensitivity studies
show that particle coalescence processes are of dominant
importance in this case. Reversibility (disaggregation)
processes can be neglected in shear-induced aggregation un-
der the conditions studied.
Application of the model to analysis of experimental de-
terminations of disaggregation under shear stress of platelet
aggregates formed in response to low dosage ADP also yield
good agreements. Disaggregation is inherently more com-
plex than aggregation, and requires estimation of a number
of parameters by use of prior work, and by use of parameter
sensitivity studies. The sensitivity studies (Fig. 5) determine
the relative importance of the parameters in numerical sim-
ulation of specific experiments with platelet suspensions.
The results of these studies permit attention to be focused on
the relatively few most important parameters. The sensitivity
studies indicated that the key mechanism for disaggregation
is aggregate splitting (the formation of several daughter frag-
ments), rather than surface erosion. This finding permits im-
portant simplification of the model.
The result of this work is a mathematical simulation
method for analysis of platelet aggregation and disaggrega-
tion reactions. The following two papers demonstrate the
application of the method to the analysis of two cases of
platelet response under the influence of fluid mechanical
shear stress: 1) shear-induced aggregation, wherein coales-
cence processes are of dominant importance, and 2) disag-
gregation under shear stress of platelet aggregates previously
formed in response to low dosage of ADP, wherein disag-
gregation processes are of dominant importance.
NOMENCLATURE
Roman symbols
F objective function in nonlinear least minimization rou-
tine
g(v) breakage frequency, s-'
G shear rate, s-'
Q(v) the instantaneous rate of change of the volume of parent
particle of size v, um-3 s-I
h ratio of net volume/gross volume
H limiting value of h for large aggregates
k erosion rate constant, dimensionless
k, breakage rate constant in Eq. 4, s-'
k2 empirical coefficient in Eq. 8, dimensionless
k3 empirical coefficient in Eq. 7, dimensionless
kG(v,w) continuous coalescence kernel
L(x) dimensionless logarithmic scale
m order of breakage rate, dimensionless
nca(X,T) calculated number density distribution
n(v,t) differential particle number concentration distribution,
p,m-3 cm-3
p empirical coefficient (Eq. 8), dimensionless
P total dimensionless particle population
p5(v,w) fragment size distribution due to breakage or disaggre-
gation, ,um-3
Pe distribution of erosion fines, um-3
q empirical coefficient (Eq. 7), dimensionless
qe total rate of formation of erosion fines of all sizes,/
eroding particle of size w
v,w particle volume, ,um3
v,w mean daughter volume size due to breakage, p.m3
v, average particle volume of initial particle suspension,
.m3
vcal(x,T) calculated volume density distribution
ve mean erosion volume, ,um3
Vge geometric volume, p.m3
vi particle volume consists of i singlets, p.m3
Vs volume of the smallest particle, p.m3
VSS maximum stable size before breakage, p.m3
x, y dimensionless particle volumes, v/v0 and w/v0, respec-
tively (the number of particles in an aggregate)
XS smallest dimensionless particle in suspension at time
zero
xss maximum stable size before breakage, dimensionless
Greek symbols
r gamma function
'y average number of fragments formed by breakage, di-
mensionless
E collision efficiency
estimate of the population parameters near the mini-
mum of F
r' standard deviation of fragment size distribution due to
breakage, p.m3
O"e arithmetic standard deviation of erosion product distri-
bution, p.m3
c0ge geometric standard deviation, dimensionless
T dimensionless time
4) void fraction (related to collision diameter), dimension-
less, Eq. 19
Oa void fraction parameter defined in Eq. 19
APPENDIX: EQUATIONS FOR DISAGGREGATION
BY SURFACE EROSION
The erosion processes continuously reduce the size of the parent aggregates
in the system. The net contribution to the rate of change of the number
concentration on the size interval (v,v + dv) is obtained by balancing the
rates at which particles enter and leave the interval as they continuously
shrink. If n(v,t)dv is the number of particles in the interval, and a(n(v,t)
dv)/at is the rate of accumulation of number of particles in the finite interval,
then (following the development of Pandya and Spielman (9, 10)):
dn(v,t) a
d dv = - [Q(v)n(v)]dv.
at av (Al)
Here Q(v) = dv/dt is the instantaneous rate of change of the volume of
a parent particle of size v. As erosion occurs, the lost material reappears as
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erosion daughter fragments. The probability of erosion fines in the interval
due to erosion of parent aggregates of size w>v is given by
Pe((v)dv (A2)
The rate of accumulation due to formation of erosion fragments of size
v is then given by
Pe(v)dv f, qe(w)n(w,t) dw
fo Pe(v')dv' (A3)
where qe is total rate of formation of erosion fines of all sizes, per eroding
particle of size w; and Pe is the distribution of erosion fines. To account for
particle breakage by surface erosion, Eqs. Al and A3 are added to the right
hand side of Eq. 1 to give the final form of the population balance equation.
These two terms represents the net rate of change of parent particles of size
v due to erosion and the rate of production of fine particles by erosion.
Assumption of a lognormal erosion particle size distribution leads to
expressions for Q(v) and qe:
F + ef ge Ino-gj
Q(v) = kGve lnt jl (A4)
1 + erfL
-Vge~
qe = kG (A5)
where k is the erosion rate coefficient, erf(x) is the error function, and
vge (geometric mean) and age (geometric mean standard deviation) are re-
lated by Eqs. A6 and A7 as follows.
Vge e(A6)
ln[l + ()2]
lno0ge= ln[I + (-)e ] (A7)
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